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Some Identities Associated with Discriminant 


Introduction. 


This paper has deal with some topics suggested theorem 
which notorious the theory quadratie forms, namely that the 
roots the characteristic equation any real quadratic form are 
allreal. proof this theorem, the reader may consult 
(1), 146. 

Take the quadratic form one three variables, say 


A | 


change the unknown from the substitution 
deprives the cubic its second term; then write 

and the characteristic equation becomes 


wherein 

the summations and product running over over 
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Some Identities Associated with Discriminant 
Watson 
(Received 24th 1953.) 


Introduction. 


This paper has deal with some topics suggested theorem 
which notorious the theory quadratic forms, namely that the 
roots the characteristic equation any real form are 
For proof this theorem, the reader may consult 
Ferrar (1), 146. 

Take the quadratic form one three variables, say 


with all real, that the characteristic equation the 


cubic 


change the unknown from the substitution 
deprives the cubic its second term; then write 
and the characteristic equation becomes 


the summations and product running over over u,v 
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Now anecessary and sufficient condition for the reality the three 
roots acubic equation with real coefficients that the product the 
squared differences the roots should positive the loose sense. 
thus obtain the following theorem, due Kummer (2): 


then 


was remarked Kummer that this theorem suggested that 
and proceeded state such expression after giving the corres- 
ponding formula for the special case w); this expression 
given formula (14) infra. gave indication how 
discovered these results. Some forty years later Tannery gave 
derivation the formulae the methods analytical geometry; 
although his work does not involve any complicated algebra, 
seemed very obscure, and decided that might 
worth while derive the formulae straightforward and natural 
possible; apart from quoting one theorem about invariance, 
use nothing more than the elementary algebra complex numbers. 

was noticed Kummer that enter only their 
differences; and can abbreviate the subsequent work substantially 
writing 


(3) b—c=a, a—b=y, 
that 
(4) a+B+y=0. 


ascending powers assumes the form 
This result shows incidentally that, the special case which 


are all equal, Theorem reduces the theorem the arith- 
metic and geometric means for 
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Some special cases the representation (a, b,c; w). 
attack the general problem representing the ex- 
when least two them are zero (say 0), have the 
almost trivial formula 


Next, let only one the three numbers zcro (say 
defined the 


— = B = Y 
2, = V + wy’ B, V + w)’ v1 1 


a 


This change transforms F(a, w*) into 
homogencous quadratic function and u*, the coefficients the 
quadratic being functions a,, fact, some straightforward 
simplifications show that 

inspection the expression the right shows that the whole 


the terms and together with great part the term 
accounted for the sum 


fact, when subtract this sum from the expression question 
and use (4) freely reduce the result, are left with 

and, good fortune, this sum squares. Hence have 
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When return the original notation, this result becomes 

This result can simplified rearranging the second and 
third right such way that becomes possible 
cancel factor effect the rearrangement, observe that 

where either all the upper signs else all the lower signs are 


taken throughout the ambiguities. means this pair formule 
derive the following theorem from (7). 


senied sum squares the formula 


Theorem but evident that the theorem remains valid when 
limitation removed. 


Now that have disposed various special cases, direct 
not assumed that zero. derive identities from Theorem 
process which quite straightforward but rather tedious. 

well known 194) that the coefficients the 
characteristic equation quadratic form are invariant under 
normal orthogonal transformations the form; take 
transformation this type, namely 


with value which will chosen presently; the original form 


thereby converted into (say) 
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with 


Since the product the squared differences the roots 
cubic equation rational function the coefficients the 
equation, the theorem invariance which has just been quoted 
shows that 
this result, course, can proved lengthy elementary 
algebra, direct consequence equations (9), without any appeal 
theorems invariance. 

where denotes does not matter whether the 
positive the negative value assigned long one value 
adopted throughout the work. With satisfying (11) 
have 

now have express the right-hand side (12) sum 
following resu!ts, which are easily obtained from (9): 

4u?, 


i 
2 
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the five terms the right (12), the fifth gives trouble 
the first and fourth terms expressing their sum the product 
conjugate complex factors and observing that 

deal with the sum the second and third terms the right 
(12) similar manner observing that 

When substitute these results (12), obtain identity 


which curiously unsymmetrical appearance; comprised 
the following theorem. 


THEOREM The general function (a, u,v, can 
represented sum squares the formula 

This identity appears new. from identity 
which symmetrical appearance (but greater length when 
written full), change and cyclically and sum. This 
process gives 


4 
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Now apply the formula 
like terms the sums the second and third lines this result. 
immediately obtain Kummer’s theorem follows: 


represented sum squares the formula 


take (14) and compare the result with (5), 
obtain unusual proof the theorem the arithmetic and 
geometric means for three variables. 

Since this special case the only special case (14) 
which mentioned Kummer, seems highly probable that his 
method constructing (14) and the method which have just given 
are completely different. 

The reader may find interesting example obtain the 
ordinary conditions for the characteristic equation have pair 
equal roots directly from 
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The Elementary Divisors, Associated with Singular 
M-matrix 


Hans SCHNEIDER 
(Received 27th September 1954.) 


Many investigations have been concerned with square 
matrix with non-negative cocfficients (elements). remarkable 
that many interesting properties are determined the set 
index pairs positive (i.e. non-zero) the 
values these coefficients being irrelevant. Thus, for example, the 
number characteristic roots equal absolute value the largest 
ible. reducible, then determines the standard forms 
(cf. §3). The multiplicity depends and the set 
indices those submatrices the diagonal standard form 
which have characteristic root. has apparently not been 
considered before whether and also determine the elementary 
divisors associated with shall show that, general, the 
elementary divisors not depend these sets alone, but that 
necessary and sufficient conditions may found terms and 
(a) for the elementary divisors associated with simple, and 
(b) that there only one elementary associated with 

for all (2) wheni+ and (3) all non-zero 
roots have positive real part. square matrix 
with non-negative coefficients and its greatest non-negative 
characteristic root, then for all (O. Taussky [7]). Hence 
M-matrix and m,; for all then matrix with non- 
negative elements. Thus equivalent, and rather more convenient, 
study the elementary divisors associated with the characteristic 
root singular M-matrix. 


shall now explain our notation and terminology, which 
differ some respects from the usual ones. introduce partial 
ordering set conformable matrices with real coefficients 


The term was used Ostrowski has been proved 
19, that our definition equivalent 
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then have their natural meanings. A>0, call 


The notation used previous authors (cf. Frobenius [2], Wielandt 
[8], and others) less convenient and little less satisfactory logically. 
obscures the fact that are continually dealing with partial 
orderings. While Bhas the same meaning both notations, 
surely unfortunate, also, that their notation not 


Column and row vectors may regarded matrices, and the 
same notation will employed there. 


Our principal results will enumerated terms the numbers 
set 


Where confusion can arise shall write Next 


the maximum taken over all sequences Again 
generally write P). reference note that 


field the coefficients here immaterial. But the remaining 
sections shall that all matrices occurring have real 
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Ais square matrix, then exists permutation matrix, 


call standard form and shall say that standard 
form. general, the standard form not unique. 
standard form and are the irreducible matrices 


its diagonal, and 


there exists one-one correspondence between the irreducible sub- 
matrices the diagonal any two standard forms such that corres- 
ponding submatrices have the same characteristic roots. particular, 
all standard forms have the same number singular irreducible sub- 
matrices the diagonal. 

view what follow shall examine the connection 


i ij 


matrix such that the the diagonal are irreducible. Then 


Proof. must show that whenever <j’ equivalent 
then any sequence contains two consecutive members 
‘The lemma follows from the definition 


tation (1,..., for which and with 
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then i<j that Lemma If, the other 


nced now only prove that But 


now turn the consideration M-matrices. the 
matrix partitioned shall assume any column 


form. Let and let 


(3) 


Proof. Clearly and y,=0 and only for 


ty R; =0,j = 1,...,k—1. (6) 


from (2) that (6) holds and only The lemma follows. 


Let i,j bea singular M-matriz 


J 
: 
(4) 
ny 
then 
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Proof. any column vector, and let satisfy (4). Then 

fori 

Now let when The singular irreducible M-matrix 
A,, has strictly positive characteristic vector associated with 
therefore ..., satisfy (3). 

Let suppose inductively that satisfy (3). 
known that the inverse non-singular irreducible M-matrix 
strictly positive [4]). Hence then and 
satisfies (7). have thus constructed vector satisfying (3) 
and (7), fort The theorem follows induction. 

the sake completeness shall prove the well-known 
Corollary 


vector with 


ever and the corollary follows from Theorem 
also convenient state Corollary this point. 


whenever BeS, then has linearly independent characteristic 
a= 


Theorem shows the existence the characteristic 
vectors satisfying (3) Suppose that 


A=1 


ence follows. 
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set indices singular there exist linearly independent 
vectors with then for each integer n,n 
there are least these vectors such that the ith vector component 


Proof. there nothing prove. let 
and suppose that z',..., are linearly independent 
characteristic vectors associated with such that fors 


form linearly independent characteristic 


and equals m—n. This yields contradiction, and the lemma 


follows. 


has linearly independent characteristic column vectors associated 


with then there exists set such vectors for which 


Proof. linearly independent characteristic vectors 
also follows from Lemma with that for some have 
associated with such that (a) (8) holds for ..., and 


= 

Met 

Mee! 

: 

4 
i} 


114 Hans 


M-matrix has only one linearly independent characteristic column 
vector associated with follows that 
independent characteristic vectors associated with and, for 
follows from Lemma that there such that +0, 
Suppose this Then (a) (8) holds for 
lemma follows induction. 

The following lemma some interest related 


theorem Collatz [1], and other results positive irreducible 
matrices. 


Lemma Let irreducible singular and let 
Then 


characteristic row vector associated with either z(>0 

now come one our main theorems. 


standard form. Let the set indices singular A;;. The 
elementary divisors with the characteristic root are all linear 


Proof. Let have the members ..., where y;. 
The elementary divisors associated with are all linear and only 
that characteristic root has linearly independert characteristic 
vectors associated with it. 

Theorem has linearly independent vectors 
associated with it. Suppose, conversely, that the linearly 
independent characteristic vectors associated with 
assume that for some +f, have shall 


€ 

; 
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indices the singular ascending order magnitude. 
that linearly independent characteristic vectors 


..., associated with where satisfies (3) (provided 


replace there), for Since the multiplicity 

r 


theorem proved. 


The elementary divisors associated with are all 
linear and only for each there exists permutation (1, ..., 
any 

The square matrix called Minkowskian (1) 


Minkowskian matrix M-matrix: cf. [4], 


elementary divisors associated with are all 


Minkowskian matrix, then singular and only for 


that +a. The corollary now follows from Theorem 
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the case when for all this result has already been 


proved Ledermann [3]. 


Results similar those have found for characteristic 
column vectors may stated for characteristic row vectors. Let 
standard form. However, the permutation for which 
standard form. Let P’, and the partition described 
associated with there corresponds the characteristic column 
and Corollary 2a, from Theorem and Corollary 


standard form. Let the set indices singular and 


(9) 


istic row vectors ..., with where (9) 
with 


Let bea singular the elementary 
divisors associated with the characteristic root are all linear, then the 
principal element associated with positive. 


Proof. Let matrix whose characteristic root multi- 
plicity has only linear elementary divisors associated with it. There 
exist linearly independent characteristic column vectors ..., and 
linearly independent characteristic row vectors ..., associated 


with such that ..., the Kronecker delta. The 


principal idempotent associated with wisthe matrix 
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form the singular M-matrix with only linear elementary divisors 
associated with and let S=(y,, ..., y,) the set indices 
independent characteristic column vectors ..., associated with 
such that satisfies (3) with Similarly, Corollary 
Theorem there exist linearly independent characteristic row vectors 
..., associated with such that satisfies (9) with y;. 

k 


k 
and only =0. But may deduce from (1) that 
forh,j =1, clearly assume that ..., 


have been multipled positive factors that Then 


Thus partitioned conformably with then 


a 
a a 


The principal idempotent element associated with 
mutation matrix. Hence too, positive. 


have already remarked that the divisors 
matrix associated with the charactcristic root multiplicity 
are all linear and only there are linearly independent character- 
istic vectors associated with the next two sections shall 
discuss the other extreme case when there only one elementary 
divisor associated with the characteristic root M-matrix. 
Equivalent conditions are (a) that has only one linearly independent 
characteristic vector associated with it; that there exists set 
..., column such that 


and +0, (10) 


where again the multiplicity 
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then =1, ..., satisfies (8). 


from (b) that Hence (11) holds for andj=h 


column vectors conformable with Then there exist real 


Proof. non-singular, then there exists such for any 
Suppose singular. Since simple characteristic root 
columns Hence any column vector linear combination 
the columns The lemma follows. 


standard form. the set indices singular Ay. There 
one elementary divisor with the root and 


Proof. Suppose that there only elementary divisor associated 
with Let ..., set column vectors satisfying (10). 
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conditions (a) and (b) the proof Lemma are clearly satisfied, and 
the one linearly independent characteristic column vector associated 
therefore follows from Theorem that ,i=a, satisfies (3), 
provided that z', have been necessary. 


particular case the required result. deduce the general case, 


Conversely, suppose that whenever and 
B>a. Corollary there exists characteristic column 
vector associated with which suppose that 
there exist column vectors satisfying (8), ..., such that 


shall construct vector satisfying (8) and 


the one linearly independent characteristic vector, 
satisfies (3) provided that the have all been multiplied 


with replaced there then follows Lemma that 


—1 


must consider two cases: and then (11) 


Then ..., again satisfy (12) and since 


Mes 
: 
: 
4 
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satisfy (11) with induction obtain vector 


induction again obtain set vectors satisfying (10) and the 
theorem proved. 

virtue Theorem obtain the following corollary. 


Let the largest member There only one 
elementary divisor associated with the root and 

argument along the lines the second half the proof 
Theorem would lead the following result, which shall enunciate 
theorem, though shall proof. First should have 
generalise Lemma 


singular there only one elementary divisor with 
then there exist positive column vectors 2', such ..., 
(10) fact 


The standard forms depend only the set index 
whenever and Let positive matrix, with 
largest characteristic root The degrees the elementary divisors 
associated with are the same those the elementary 
divisors, associated with the M-matrix Hence Theorems 


0. 


standard form. Let (y,, ..., usual, the set 
indices singular then there clearly only one 
then there are two elementary divisors degree one 


q 
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may consider seven cases according are The 
Theorems and deduce that the five other cases must 
have associated one elementary divisor degree and one 
degree Tnis means that has two linearly independent column 
vectors associated with and that there exists vector 
five cases separately possible demonstrate the existence 
these vectors without any appeal Theorems and 


Though shall use the theorems proved previously would 
possible use special cases these results which could proved 
that has vector associated with for which 


teristic column vectors, associated with 
The existence these vectors shown Theorem 


y-1 


Thus and are characteristic column vectors associated with 


and 


<0, but already noted. Hence neither positive 


nor negative. easily established that this property shared 
one any two linearly independent characteristic vectors, associated 


ce 
: 
3 
3 
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with the matrix have been considering. due this 
that and not necessarily completely determine the elementary 
divisors associated with singular M-matrix when s>3. Thus, 


associated with differ for the two matrices. also note that the 
principal idempotent element, associated with both 
the unit matrix, which is, course, positive. follows that tho 
converse Theorem does not hold. 


Most the results this paper are contained 1952 Ph.D. 
thesis, which was written under the supervision Professor 
Aitken. thanks are due Professor Aitken for his great 
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Note the Problem the Electrified Disc 


(Received 8th July 1949.) 


Prof. has discussed the well-known problem 
circular disc kept constant potential external field 
potential reducing the solution two integral 
The solution however fairly simple use oblate spheroidal 
co-ordinates. This due the fact that this system co- 
ordinates the disc can represented terms one co-ordinate 
only. This method applied the above problem and Copson’s 
results are obtained. The solution when not constant, but any 
surface function the disc, also obtained. 


The relations between cylindrical polar and oblate spheroidal 
co-ordinates are 
the can easily seen that 


Solutions Laplace’s equation this system co-ordinates aro 
oblate spheroidal harmonics and are the form 


and (u) being Legendre associated functions the first and 


second kinds respectively. 

The potential any external ficld which bounded the 
neighbourhood the and its axis will contain harmonics 
the form 


being necessarily even, since otherwise the potential would 
vanish the surface the disc. 
similar considerations the potential the induced charge, 
will contain only harmonics the form 


14-19. 


Ke 
+ 
42 
Be 
: 
. 
Cz as CG 
ag 

4 

‘ 

: 

: 

i 


124 


for simplicity take one harmonic only, then, since 
has the value its value any point will 


to 


The density the induced charge, given 


The first two special cases considered Copson follow 
immediately. 

p*) 
then 
nak 
Probably this not the best method for the last application. 

will seen that the same method applicable when the 
potential the surface the (which will taken now non- 
conducting) any surface function. Any such function can 
expanded the form 


n n 
m=O 


The potential any external point then given 
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(Received 21st 1951.) 


Titchmarsh and others [4] have studied integral transform 
pairs the type 


showing how such pairs may generated consequence the 
relation which holds between the Mellin transforms the kernels. 
There interesting allied formal process which, some 
For particular transformation let the basic 


Consider the function 


8 
Then, formally, have 


Suppose, however, that (u, t)=A(u) and also 
that the path integration (4) identical with, capable 
deformation without crossing pole the integrand into, the path 
from required the formula (1) for the transformation 
Then (4) the same 


q 
- 
“ 
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and hence 


an “eq A{p ~*(v)} 
assuming that the order integration may inverted. 
the function 


(v)} 


can evaluated explicitly, have the transform pair 


b 
an 


Use argument this sort has been made Efross [2], 
and later Erdélyi, McLachlan and Parodi, various 
places, evaluate Laplace transforms. 


Asan example the application the process consider 
the integral 


0 


(11) 


where and are the Laplace transforms and Hence 


mit 


n Comte 


G(s) 
and 
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The order integration may inverted, and have 


9(q) F(p) dp, (12) 


have thus obtained essentially the pair 


which real positive variable, complex variable, and 


simple example this transformation supplied the pair 


different transformations play part. combination the Laplace 
and Fourier transformations will produce pair formulae due 
Erdélyi, but unpublished him [3, The formulae are 


Qnt 


w(K) 
They may derived the process section above from the 
results 
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which holds for real positive and 
Added proof. 


appears that the transformation described equations (13) called the 
and was introduced Meijer For further information 
and table transfurms see Reference Vol II. 
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Matrix Problem Concerning Projections 


Hans 


(Received February 1953). 


The following problem slight generalisation one posed 
and partly solved shall use for the conjugate 
transpose matrix projection idempotent matrix, its 
latent roots consist units and zeros. 


Problem. Let with complex elements. Find 
rank 

Let the rank The rank less than equal 
less But the rank M*M cquals that and hence 

(1) 
necessary condition for the existence matrix with the 
required property. 

shall next show that (1) also sufficient condition. 
projection rank 

The matrix AA* Hermitian rank Hence there 
exist Hermitian projections rank satisfying 


(2) 

1 
AA*, (4) 


where the are the (non-negative) latent roots supposed 


n—k 
1 


where 


n~ 


AA*C 


note that 


Nagler, certain matrix product with latent roots,” Proc. 


Edinburgh Math. Soc. (2), (1953), 21-24. 
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whence follows that I—AA*C= 


n-k+1 


having the desired property. 

Let ..., form orthonormal set latent column vectors 
AA*, where associated with the latent root may 
that set Hermitian projections rank satisfying 


Suppose now that When and the rank 
then assert that our method yields while 
this left the reader. general, clear from the method 
construction that the solution have found not unique. 
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Compact Riemannian Manifolds with Zero Ricci Curvature 
(Received February 1952.) 


this note prove the following result 


compact, orientable, Riemannian manifold M,, with 
posilive definile metric and zero Ricci curvature, flat the first 

this statement the theorem assumed that the 
dimensions are not less than four. this not the case, the 
result still valid but appears local result and true for 
metric arbitrary signature. 

prove the theorem require two lemmas, the first which 
local character 


and has zero Ricci curvature necessarily flat. 


written the form 
n 


A@=r+l 
prove the lemma first show that any Ricci 
curvature necessarily flat. This follows from the well-known 


identically, 
Cie R ijk (n 2) (5; Ry Ry gin git ) 
Now the only non-zero components the curvature tensor 
space whose the form (1) arise from the curvature tensor 
Lemma 
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orientable, Riemannian manifold M,, with zero 
curvature has its first number equal the number linearly 
independent parallel vector fields defined over 

prove this lemma use result discovered independently 
Bochner' and Lichnerowicz,? which the notation the latter 
author states that denotes the skew-symmetric tensor 


associated with harmonic form degree then 


12 


and denotes the generalised Laplacian operator. write p=1 
and this assumes the simpler form 


where the member the right certainly non-negative. now 
appeal Bochner’s Lemma! 

Ifon compact orientable manifold have given 

From this follows that harmonic forms one arise only 
from vector fields defined over the manifold. This completes 
the proof Lemma 

The proof the theorem now readily for the relation 
parallel vector fields and thus flat extension 
now completes the proof the theorem. 


Another result analogous Lemma the following, the proof 
which trivial. 


has zero scalar curvature necessarily flat. 

recent Lichnerowicz has proved several interesting 
results including the 


Bochner, Annals Math., (1948), 379-390. 
Lichnerowicz, Acad. Sci., 226 (1948), 1678-80. 
Lichnerowicz, Acud. Sci., 230 (1950), 2146-8. 
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Let compact, orientable manifold with positive definite 
recurrent Then the space has zero scalar 
necessarily and has zero Ricci curvature 

Now Walker has shown! that every real recurrent 
with positive definite metric either V,, the flat extension 
Using this result with Lemma find not only that these 
results Lichnerowicz are purely local character but also that 
the weaker assumption zero scalar curvature implies the stronger 
conclusion that the space flat. 


The question arises what extent the restrictions the 
hypothesis our theorem can relaxed. particular, are the 
conditions compactness and positive definite metric sufficient 
ensure that metric with zero Ricci curvature flat? disprove 
this result would sufficient exhibit compact manifold with 
the metric 


since this metric positive definite and satisfies the conditions 
note. 


Walker, Proc. London Math, Soc., (1950), 
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Part 


GENERALISED CONTINUED FRACTIONS 
(Received 2nd March 1953.) 


have shown that under certain conditions the 


b 
minantal ratio. our object now the theory when 
C(x) polynomial, showing the relation the continued fraction 


~ 


a * 


form for particular shall give various forms for the 


approximants, and integral form for the numerator. 


From [1] have the expansion 


. . . 


Be) 


(3) 


b b n 


a 


b 
w(x) exists and positive, 
a 


when ambiguity unlikely. 
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1 


arbitrary polynomial precise degree with highest 
coefficient 

shall refer (1) and (2) continued fractions the 
convergent. 

The expansions (1) and (2) arise from consideration the 
minimum value 
and orthogonal system with respect the weight function 
the highest coefficient being unity. Indeed 
write 


then = q,(x)w(x) dx 


a 


r—l 


may remarked passing that consideration the 


b 


b 


b 


Stieltjes type continued fraction. The present approach shows 
immediately the central part played orthogonal polynomials, 
and although essence both these expressions were considered 
Stieltjes only stage that the orthogonality property 
emerges. 


shall now consider various forms for N,(z) and 


where orthonormal system with respect w(x), and p,(z) 
has 


= 
(8) 
a - 
ay 
: 
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k, + nll(z x) | PAZ), Ps + 1(22),- “Ds +n 1(2») | 
and the system orthogonal with respect 


(9) 


a 
For particular choices Appell polynomial. 
From have, the notation persymmetric determinants, 


(M,, © 069 | 


(b) The polynomials follow recurrence relation 
which may written 
require the following generalisation (15): 
The notation justified the identity 


For example, 


(17) 


& 
+ 
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where 


From (6) and (7) find, after using (16), 


k* K, (eco, eosp Con) ( ) 
and 


gencralised continuant determinant order symmetric, with 
the diagonal through (1, 2), and soon. refer these 
continuants the nth kind. Thus the ratio continuants the 
Ist kind related the first order, the determinants 
concerned consisting clements three diagonals only. Similarly 
C.F.’s the second order are associated with the ratio continuants 
the 2nd kind which turn have elements five diagonals only. 


(c) Writing for simplicity 


| Ps + 1(2;), sees n(2n) | A,(z, 219 


Hence from (6) and find 


and 


‘ 
i 
= 
‘ 
pis 


r—1 


now consider the value have from (18) and (21) 
0 


| Il k; ( ) 


r-l 
j= 0 


and consequence 


When the roots are equal, the only chango required (23) 


replace 
(x ]) 
where superscripts refer derivatives and 


similar modification required (25a). 
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| 
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¢ n—} 
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(25 
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95 
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where P,(x) Legendre’s polynomial. With find 


from the modified form (23), and (24), 


b, o> 


(r 1)°c,44 ee (r + n— 1)*c,,, 
(26) 


(n) 2, eee 


and stands for P,(t), Ths result for has been given 


Geronimus [3]. 
formula for the numerators. Consider the identity 


| 2°, p (21); Pr + Prt n—1 (2) | (2; = x) >> (27) 


Then 


1 


from (22) follows that 


; 
7 
Were: 
is 
n r—1 
= 
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N 


n 


n 2 


When the determinant the numcrator 


that the denominator x)"(n 1)!!. 


the particular case have the well-known formula 


Ch 
and from (23) the ratio these being the rth 
convergent the 


shall consider the recurrence relations for the 


and denominators generalised and some special properties 
second order C.F.’s Part 
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Asymptotic Integral 
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This note gives asymptotic evaluation integral 
the form 


functions. The theorem established natural extension 
Levi’s generalised Laplace-Darboux theorem (1, 341-51); gives 
rule for evaluating wider class asymptotic integrals. 

means that for any given positive there exist positive numbers 


Theorem. Let (x) 3,...] and real functions 
such that 


(A) and each (x) are integrable over (a, b); 

(B) there number independen! and such that 


(D) for each number there positive number 


there are and such that 


Then for large 


be 
4 

(3) 
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Hsu 


The essential step the proof determine suitable 
small interval containing the variable point and then let 
tend infinity order get the dominant asymptotic value, 
Write 


fn (x) Sa = —k | | £,)} 


(4) 


have 


there are positive numbers Aand such that whenever 

now use (5), make the change variable 


A 


Now suppose that and are fixed. Then which not less 


see from (7) that 


now let tend infinity, find that 


\ 


Here use the fact that cannot tend zero tends infinity. This 
follows froin condition 


4 
| 
| 
= 
ae 
: 
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Let now consider the integral 


whenever <A. Thus from (8) and (9) may infer that 


the other hand, hypothesis (D), there positive 
Hence for these values 


fn (x) Inl€n) —8 < ] =p 
say, where now follows that, with fixed, 
tends infinity. may therefore replace J,* (J, 
equation (10). Since arbitrary, and since J,**) does 
not depend now follows that 


a—>@ 


This equivalent (3), and our theorem established. 


Concrete examples are easily found for illustrating the use 
the formula simple example is, 


-1/2 n 


— 


theorem now mention two important cases follows: 


: 
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- 
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rs 
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becomes 


this case have 


continuous together with its derivatives 
reduces the classical asymptotic formula and Darboux 


Two remarks are worthy mention. (i) general tho 


constants and may always determined means the following 
equation 


For easily seen that (2)* implied (2), view (4), 
the case when constant, (2)* and are equivalent. 
(ii) our hypothesis (F) replaced 


(F)* and g(x) possesses limits both sides 


then almost the same treatment used before casily obtain 
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this case have 


continuous together with its derivatives that 
reduces the classical formula Laplace and Darboux 
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Two remarks are worthy mention. (i) 
constants may always determined means the following 
equation 
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(1953). 

gives account the simplest system abstract geometry, 
geometry, and apart one chapter which indicates natural extensions 
chapters show how the metrical can introduced 
projective geometry. 


Edition, 


(twenty-ninth ‘edition, and completes the school 
mathematical 


the look-out for good book covering the 
the Additional Maths. for the School Certificate and Subsidiary: Pure 
Maths. for the Certificate will well this Very 
and well arranged, and the numerous examples provide excellent practice for 
both average and more advanced pupils.” 


and two-year Sixth course Pure Mathematics for 

but the mathematical Typical the wide this has 
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